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■ Abstract 
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We explore the classical stability of topological black holes in d-dimensional anti-de Sitter 
(T) . spacetime, where the horizon is an Einstein manifold of negative curvature. According 

to the gauge invariant formalism of Ishibashi and Kodama, gravitational perturbations 
ON ' are classified as being of scalar, vector, or tensor type, depending on their transformation 

properties with respect to the horizon manifold. For the massless black hole, we show that 
the perturbation equations for all modes can be reduced to a simple scalar field equation. 
This equation is exactly solvable in terms of hypergeometric functions, thus allowing an 
exact analytic determination of potential gravitational instabilities. We establish a neces- 
sary and sufficient condition for stability, in terms of the eigenvalues A of the Lichnerowicz 
operator on the horizon manifold, namely A > — A(d — 2). For the case of negative mass 
black holes, we show that a sufficient condition for stability is given by A > —2(d — 3). 
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1 Introduction 



Black holes in anti-de Sitter space have been the subject of much recent attention, particularly 
in connection with the proposed correspondence between anti-de Sitter gravity and boundary 
conformal field theory (AdS/CFT) p]-[3]. A class of static black holes solutions to ^-dimensional 
anti-de Sitter gravity was constructed in [3], with the special property that the horizon M d ~ 2 
is a (d — 2)-dimensional compact Einstein manifold of positive, zero, or negative curvature. 
Furthermore, for the case of negative curvature horizon, there is a class of black holes for which 
the mass parameter M can assume both negative and zero values, M crit < M < 0. While 
topological black holes allow one to study the boundary conformal field theory on spaces of the 
form S 1 x M d ~ 2 [3], they are also interesting structures in their own right. It is of particular 
interest to explore their classical stability properties. 

The response of a black hole metric to small perturbations has been the subject of investi- 
gation for many years. By analyzing the perturbation equations subject to certain boundary 
conditions, one can gain valuable insight into the structure of the black hole. In particular, one 
can address the question of the classical stability of the black hole. For the Schwarzschild black 
hole in four dimensions, this boundary value problem was analyzed quite some time ago. It was 
shown that metric perturbations could be described by either a scalar mode (the Zerilli mode 
[5j [6]) or a vector mode (the Regge- Wheeler mode [7]). Using the Zerilli and Regge- Wheeler 
equations, the stability was then established in [S]-[TU]. Remarkably, a similar analysis for the 
higher-dimensional Schwarzschild black hole [TT] was lacking until quite recently. In [T2], it was 
shown that an additional tensor mode is present in dimensions greater than four. Following 
this, a complete gauge invariant formalism was developed by Ishibashi and Kodama [13], where 
the equations describing all gravitational perturbations of all higher- dimensional static black 
holes have been presented. This powerful formalism identifies three basic types of gravitational 
master field, depending on how the field transforms with respect to the horizon manifold. One 
has scalar and vector modes, and an additional tensor mode in dimensions greater than four. 
Moreover, the equations for these master fields have a standard form as a Schrodinger-type 
second order ordinary differential equation with a potential. 

The Ishibashi-Kodama formalism has been used successfully to establish the stability of a 
wide array of charged and uncharged black holes in asymptotically flat, de Sitter, and anti-de 
Sitter space [I3J-[IZ]- Generalizations of this formalism to include the effects of rotation have 
also been considered [IB] . In particular, the stability of the asymptotically flat Schwarzschild 
black hole was firmly established in all dimensions, following earlier work in [12J. The key tech- 
nique used in [HJ-P2] is a so-called S'-deformation of the potentials appearing in the master 
equations. This technique allows one to establish stability based on positivity of the correspond- 
ing deformed potentials. However, apart from the asymptotically flat Schwarzschild black hole, 
there is no other class of black holes for which stability has been established in all dimensions. 

Our goal here is to investigate the stability properties of topological black holes with neg- 
ative curvature horizon, for mass parameter in the range M cr - lt < M < 0. We first consider 
the massless topological black hole, and show that the master field equations for all modes 
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can be solved explicitly in all dimensions [19]. The solution can be written in terms of hy- 

pergeometric functions, and by imposing appropriate boundary conditions, we can analyze the 
stability question in full detail. Using this explicit solution, we are led directly to a necessary 
and sufficient condition for stability of the massless black hole. This calculation completes and 
extends earlier work in [T2"l [To] . We show that stability is determined solely by the spectrum 
of the Lichnerowicz operator on the horizon manifold. In particular, we conclude that massless 
topological black holes with either constant curvature (hyperbolic) horizons, or Einstein-Kahler 
horizons, are stable in all dimensions. Following this, we consider the case of negative mass 
black holes. Although the explicit solution of the master equations is not available, we are 
nevertheless able to establish a sufficient condition for stability. Using positivity of the grav- 
itational potentials, as well as the S- deformation technique, allows us to derive a sufficient 
condition for stability in all dimensions. As an example, we show that negative mass black 
holes with Einstein-Kahler horizon are stable in all dimensions. It should be pointed out that, 
in most cases, the boundary conditions are dictated by the requirement of normalizability of the 
perturbation. As we shall see, we must then impose Dirichlet boundary conditions at both the 
horizon and infinity. However, there is additional freedom in the choice of boundary conditions 
for certain perturbations in dimensions four, five, and six, as pointed out in [20j . 




The plan of this paper is as follows. In section 2, we recall the essential features of topologi- 
cal black holes in anti-de Sitter space. In particular, we identify the massless and negative mass 
black holes with negative curvature horizon, which are the main focus of interest. In section 3, 
we present the basic equations in the Ishibashi-Kodama gauge invariant formalism for gravita- 
tional perturbations. In section 4, we demonstrate the unified form which these equations take 
for the case of the massless black hole. The explicit solution of the master equations is given 
and a necessary and sufficient condition for stability is derived. Section 5 deals with negative 
mass black holes, and we use positivity properties of the gravitational potentials to establish a 
sufficient condition for stability. We conclude in section 6 with a brief discussion of our results, 
and also highlight the issue of boundary conditions in dimensions four, five, and six. 

2 Topological Black Holes in anti-de Sitter Space 

In d- dimensional anti-de Sitter space, there is a class of topological black hole solutions to Ein- 
stein's equations which has the property that the horizon M d ~ 2 is a (d— 2)-dimensional compact 
Einstein space of positive, zero or negative curvature k [I]. Topological black holes solutions 
in four dimensions were first constructed in [2TJ-[23]. The line element of the topological black 
hole is given by [I] 




ds 
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where 
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and 



Ud ~ (d-2)Vol(M^)' ^ 

The parameter can take the values = 1,0,-1. The volume of the horizon is denoted 
by Vol(M d ~ 2 ) = / d d ~ 2 x \fh. The parameter I, with dimensions of length, is related to the 
cosmological constant A by A = — (d— l){d— 2)/2l 2 , and u>d is inserted so that M has dimensions 
of inverse length. 

It is straightforward to check that the metric ([1]) satisfies Einstein's equations with negative 
cosmological constant, namely 



F - V-D- a U) 



provided that the horizon is an Einstein space 

R ij (h) = k(d-?>)hij. (5) 

Our interest here is in the negative curvature case with k = —1. An interesting subclass of 
black holes is then obtained by taking the horizon to be a manifold of constant curvature, i.e., 
a hyperbolic manifold. In this case, M d ~ 2 = H d ~ 2 /T, where H d ~ 2 is hyperbolic space and V is 
a suitable discrete subgroup of the isometry group of H d ~ 2 . 

The mass parameter M can be expressed in terms of the location of the horizon r + , as 

Furthermore, the inverse Hawking temperature is given by [1] 

3 = ^± (7) 

P (d-l)r 2 + -(d-3)l 2 ' {) 

A very special feature which is present in the case of negative curvature horizon, is that the 
parameter M can assume negative values, as first discussed in j23j [25], EH [26] . The requirement 
of positivity of temperature enforces an inequality on the value of r+, namely that r + > r crit , 
where 



'd-Z\ l/2 



crit 



The corresponding value of M is then given by (j£ 



, 2 \ /d-3\ ( " ,/2 '" 
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Thus, when k = — 1, there is a class of black holes with mass parameter M in the range 
M cr it < M < 0. For M = 0, we note that the event horizon occurs at r + = I, while for 
M cr it < M < 0, we have r + < I. It should be noted that the M = M crr t solution has a 
degenerate horizon at r = r cr it with /(r crrt ) = f'(r crit ) = 0. Although these extremal solutions 
do not strictly have an interpretation as black holes [231121], we can still incorporate them into 
the stability analysis that follows. 

These topological black holes are interesting structures in their own right, and our goal here 
is to investigate their classical stability properties. However, they also assume an importance 
within the context of the AdS/CFT correspondence. In particular, they allow us to study the 
dual conformal field theory on spaces of the form S 1 x M d ~ 2 , where M d ~ 2 is an Einstein space 
of positive, zero, or negative curvature [4"l 127]. 

3 Gravitational Perturbations 

In order to check for the existence of unstable gravitational perturbations of a black hole, we 
first need to obtain the relevant equations which describe these perturbations. In the four- 
dimensional asymptotically flat case, this was achieved quite some time ago, resulting in the 
Zerilli equation [51 [6] and the Regge- Wheeler equation [7J. These equations were generalized 
to the anti-de Sitter case in [28| [29]. However, a general analysis of gravitational perturbations 
in higher dimensions was presented only recently by Ishibashi and Kodama [13]- ^7\. The 
formalism developed by Ishibashi and Kodama is both powerful and elegant, and is based on 
the introduction of gauge invariant variables. These gauge invariant combinations are then 
described by master fields In general, there are three types of gravitational perturbation; 
the scalar mode which is the analogue of the Zerilli mode in higher dimensions, the vector 
mode which is the analogue of the Regge- Wheeler mode, and an additional tensor mode which 
is present in dimensions greater than four [12]. As shown in [T3], each perturbation is simply 
described in terms of a master field $ which satisfies a Schrodinger-type second order ordinary 
differential equation. 

The Ishibashi-Kodama equations have been used to successfully establish the stability of 
asymptotically flat Schwarzschild black holes in all dimensions [13], following an earlier analysis 
in [12]. However, for many other higher-dimensional black holes, the stability question is still 
an open issue, with only partial results available. Our aim here is to find several new examples 
where precise conditions for stability can be established in all dimensions. The stability of 
topological black holes with respect to scalar field couplings has been analyzed in [301 [31] . 

To begin, we write the master field as 

<$>{t,r,x l ) = <$>{r)Y(x i )e" t . (10) 

The type of perturbation then depends on whether Y transforms as a scalar, vector, or tensor 
with respect to the horizon manifold M d ~ 2 . In all cases, however, the master equation takes 
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the simple form 



./ 



dr 



+ V 



where the structure of the potential V depends on the gravitational mode under consideration. 
For the scalar mode, we have 



where 



x 



H 



Va(r) 



co d M 

r d-3 ' 



fU(r) 
16r 2 H 2 ' 



V = k 2 s + {d-2), 



'12) 



H + -(d-2)(d-l)x. 



(13) 



In this case, Y transforms as a scalar, and is an eigenfunction of the scalar Laplacian on the 
horizon manifold, V 2 Y = —k^Y. The function U(r) is given by 



U(r) = [(d-2yd(d-l) 2 x 2 -12(d-2y(d~l)(d-4:)fIx + A(d-A)(d-Q)fl 2 } — 



+ (d - 2) 4 (d - 1) V + (d-2)(d- l)[4(2(d - 2f - 3(d - 2) + 4)/i 

- (d - 2)(d - 4)(d - 6)(d - l)}x 2 - 12(d - 2)[(d - 6)/x 

- (d-2)(d- l)(d - 4)}/ix + 16/i 3 - 4(d - 2)d/i 2 . 

The vector mode is described by the potential 
/ 



Vv(r) 



2 (d-2)(d-4) (d-2)(d-4)r 2 3(d-2) 2 w d M 

Ky — 1 ; h 



4 4 / 2 4r d " 3 

where V 2 V = — k\Y . Finally, the tensor mode in dimension d > 4 has the potential 



(14) 



(15) 



Vt(t) = 4 



A + 2 (d - 3) - ( rf ~ 2 )^- 4 ) + - 2 ) r2 ■ ( rf " 2 )^ M 



4 P 



/^yd— 3 



(16) 



where A is the eigenvalue of the Lichnerowicz operator on the horizon. 



In order to investigate the stability properties of the black hole, it is useful to re-cast Eq. 
( II ip in the form 



where 



(17) 
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and the tortoise coordinate r* is defined by dr* = y. Our task is to solve this equation subject 
to appropriate boundary conditions. In particular, unstable modes correspond to normalizable 
negative energy (u > 0) states of the Schrodinger operator A. In order to ensure normalizability, 
in the sense that [T21[T4] . 

1 = Jdr* (19) 

we must impose boundary conditions both at the horizon and infinity. Near the horizon, nor- 
malizability demands that we impose a Dirichlet boundary condition $ — > on the perturbation 
[T2J [111 [32] . For large r, we see that the perturbation must behave as $ ~ r a P as r — * oo, with 
a < 1. For dimensions d > 7, the latter requirement is only satisfied by imposing Dirichlet 
boundary conditions on the perturbation. However, for certain perturbations in dimensions 
four, five, and six, there is additional freedom in the choice of boundary conditions at infinity. 
In fact, as shown in [20] for the case of pure anti-de Sitter space, there is a one-parameter family 
of self-adjoint extensions of the operator A in these cases. Each of these self-adjoint extensions 
comes equipped with a choice of boundary conditions at infinity. Since the asymptotic form 
of the metric for topological black holes ([IJ is akin to the pure anti-de Sitter case, we observe 
a similar freedom in the choice of boundary conditions for these these perturbations. In the 
following, we will study the stability properties in these special cases with respect to a choice 
of Dirichlet boundary conditions at infinity. 



4 Stability of the Massless Black Hole 

The form of the potentials (fl~2]) . (jT5l) . and ([TBI) simplifies considerably for the massless topolog- 
ical black hole M — 0. The scalar potential is given by 



V's 



./ 



(d-2)(d-4) (d-4)(d-6)r 2 



4 4 P 

where we have introduced the notation Q$ — kg. The vector potential is 

./ 



v 



(d-2)(d-4) , {d-2){d- A)P 
vv ; 1 : 



with Qy = ky — 1. The tensor potential is 



with Q T = A + 2(d-3). 



/ 



(d-2)(d-4) d(d-2)r 2 
I + ^^P 



(20) 



(21) 



(22) 



Before solving the above equations, let us first examine the case of a scalar field 4> of mass 
m in the background of the massless black hole. The equation of motion for the scalar field is 



(V 2 - m 2 



0. 



(23) 



6 



Choosing the ansatz 



<P = <p( r )Y(x i y 

brings the radial equation to the form ( JTT1) . where $ = r^~<p. The potential is given by 



V 



f 



' (d-2\ (d-2)(d-A) 2 2 
Q + f [ — =— r + f± ; 4 + m V 



4 



(24) 



(25) 



where V 2 Y = —QY. Since the metric involves the function / 
scalar field takes the particularly simple form 



-1 + 72 , the potential of the 



(26) 



In 



this equation was shown to be exactly solvable in terms of hypergeometric functions. 



We now observe that the gravitational potentials fl20l) - fl22l have precisely the same structure 
as the potential of the scalar field ff26l) . for various values of the mass parameter. We have 



scalar mode 
vector mode 
tensor mode 



2;2 
2;2 

2 72 
ml 



-2{d-3), 
-(d-2), 



0. 



(27) 



with the value Q replaced by the appropriate value QsiQviQt- It should be noted that the 
simplicity of the potentials in this case is essentially due to the fact that the mass parameter 
of the black hole is set to zero. 



Our aim now is to solve Eq. ffTTl) . with potentials fl20l) - ff22l . subject to the boundary 
conditions that $ — > 0, at the horizon and at infinity. To proceed towards the solution of ffTTj) . 
we change variables to 



(28) 



Thus, z = corresponds to the location of the horizon r = I, while z = 1 corresponds to r = 00. 
The master equation then becomes 



where 



z(l-z) 



~dz^ 



1 



3,2 \ d$ 
~2J ~dz 



A o C 
- + B + - 

Z 1 — 2 



$ = 0, 



A 
B 

C 



u 2 l 



272 



1 ((d-2)(d-A) 



4 V 4 



Q 



(29) 



(30) 



We now define 

= z a (l - zfF(z). (31) 
The master equation then reduces to the standard form of the hypergeometric equation 



provided that 



d 2 F dF 
z(l - z) — + [c - (a + b + l)z]— - abF = 0, (32) 



ul 

<* = ±y, 



4 4 

with the coefficients determined as followed 



(3 = -±-v'(rf-l) 2 + 4m^, (33) 



a = ^ + a + /3 + ^v/(rf-3) 2 -4Q, 
1 „ 1 



b = i + a + /3- iV /(d-3) 2 -4Q, 
c = 2a + 1. (34) 

Without loss of generality, we can take 

a = — , 
2 ' 

1 1 



= - A --^(d-lf + Am^. (35) 

In the neighbourhood of the horizon, the two linearly independent solutions of (1321) are 
F(a, b, c, z) and z 1 ~ c F(a — c + 1, b — c + 1, 2 — c, z). With the choice fl35|) . the solution which is 
regular (satisfying Dirichlet boundary conditions) at the horizon is then given by 

$(z) = z a (l- z fF{a,b,c, z). (36) 

Having imposed the Dirichlet boundary condition at the horizon, we can now analytically 
continue this solution to infinity. In general, the form of the solution near z = 1 is given by [34J 

$ = *°(1 - *) ffi )r( ° " fl " F(a, b,a + b-c+l,l-z) 
T(c — a)T(c — b) 

+ z a (l - zf +c - a ~ b nc) ll\^~ C) F{c - a, c - b, c - a - b + 1, 1 - z). (37) 

r(a)r(6) 

However, special care is needed when c — a — b is an integer. Therefore, we should examine the 
coefficients closely, case by case. As we have seen, the gravitational scalar mode corresponds 
to a scalar field with mass m 2 l 2 = —2{d — 3), the gravitational vector mode corresponds to 
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a scalar field of mass m 2 l 2 = — (d — 2), and the gravitational tensor mode corresponds to a 
massless scalar field. It will be useful to record the values of the coefficient j3 given by (I35I) for 
the three gravitational modes, as follows: 

r o, d = 4, 



4 



d > 5, 



& = -(^r)> rf>4 ' ( 38 ) 

where the subscript on (3 specifies the particular mode. From ( l34l) . we also note that c — a — b = 
1-2/3. 

Let us consider first the case in four dimensions. The scalar and vector modes both have a 
value of (3 — 0, and there is no tensor mode in four dimensions. Here, c — a — b = 1/2, so the 
analytic continuation to z — 1 is given by fl37j) . The master field then takes the form 



$ = ^ w C)r(C , rr a 5 F ("> b,a + b-c + l,l-z) 
F(c — a)F(c — b) 

+ z"(l- z) 1/2 T{c) ^ ( b ~ c) F(c -a,c-b,c-a-b+l,l-z). (39) 

r(a)r(6) 

The second term above clearly vanishes at infinity. Furthermore, the perturbation satisfies a 
Dirichlet boundary condition at infinity, $ = at z — 1, if the coefficients (a, b, c) can be 
chosen so that the gamma functions in the denominator of the first term have a pole. Namely, 
we require 

c — a = —n, or c — b = —n, (40) 

where (n = 0,1,2,3,...). The existence, or otherwise, of unstable modes then depends on 
whether these conditions ([40]) can be implemented. This in turn depends solely on the eigenvalue 
of the corresponding Laplacian on the horizon manifold. 

For the scalar mode, the coefficients in the hypergeometric function take the form 

ul 1 1 

y + i + i 

ul 1 1 

y + 1 ~ i 



^ + ~ + ^/l - 4&I, 



b = - + T-T\/l-4fc|, 



c = ul + 1, (41) 

where kg > is the eigenvalue of the scalar Laplacian on the horizon manifold. In particular, 
let us examine the condition c — a = 0. This can be written as 
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Thus, in order for an unstable mode with u > to exist, we require the scalar Laplacian to 
have an eigenvalue satisfying the condition 

k 2 s < -2. (43) 

However, k s > for arbitrary Einstein horizons |15j . and thus we conclude that such an 
unstable scalar mode does not exist. Moreover, the constraint k s > also ensures that the 
conditions c — a = —n for (n = 1,2,3, ...) and c — b = —n for (n = 0, 1,2, ...) cannot be satisfied. 
We conclude that the massless black hole is stable against scalar perturbations, for arbitrary 
Einstein horizon. 

For the vector modes, we have 

<• = y + j + j\A-4«-i), 
= Y + ;-jlA-*W-l). 

c = ul + 1. (44) 

In this case, the condition c — a = requires the vector Laplacian to have an eigenvalue 
satisfying 

k\ < -1. (45) 

For general Einstein horizons, k\ > [15], and we conclude that the massless black hole is stable 
against vector perturbations. Collecting the above results, we conclude that (with respect to a 
choice of Dirichlet boundary conditions at infinity) the massless topological black hole is stable 
in four dimensions, in agreement with the analysis in [TJ]. As one can see from (I39I) . $ tends 
to a constant at infinity, and is therefore normalizable as it stands. However, as shown in 
[20J, there is a one-parameter family of self-adjoint extensions of the operator A in this case. 
Imposing a Dirichlet boundary condition at infinity then corresponds to a particular choice of 
self-adjoint extension. The stability properties with respect to the other self-adjoint extensions 
is a problem that warrants further investigation. 

Next, we consider all even dimensions greater than four. From (!38|) . we see that f3 < for 
all perturbations; furthermore, c — a — b is not an integer. Thus, the continuation to z — 1 is 
given by (1371) 

$ = z a (l - *) ffi )r( ° ~ ° ~ *| F(a, b, a + b - c + 1, 1 - z) 
Y(c — a)Y\c — b) 

+ z a (l - z ) l ^ r(C r(a)?(6)~ - nc-a,c-b,c-a-b+l,l-z). (46) 

Since /3 < 0, the second term vanishes automatically at z — 1. The Dirichlet boundary condition 
at infinity can be imposed by choosing the coefficients to satisfy ( )40l) . First, we consider the 
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scalar modes. The coefficients are given by 

ul fd-7\ 1 



2 V 4 J 4 
ul _ fd- 7 
~2 ~ \ 4 I I 



(d-3y-iki 



b = TT- — r- - 7 V(^-3) a - 4 *l. 



c = + (47) 

None of the conditions (HO]) can be satisfied unless 

fcf < 0. (48) 

However, since fc| > [15], the black hole is stable against scalar perturbations. 
For the vector modes, we have 

ul ( d — 5\ 1 



2 \ 4 J 4 
o;Z f d — 5\ 1 



+ 7V( rf - 3 ) 2 - 4 (^- 1 ' 



^/(d-3)2-4(^ 



2 V 4 / 4 

c = ul + 1. (49) 



In this case, none of the conditions (1401 can be satisfied unless 

*£<-(d-3). (50) 

Since k\ > p2], there are no unstable vector perturbations. 
For the tensor modes, we have 

ul fd—3\ 1 



2 V 4 / 4 
c<j/ i d — 3 



+ -J(d-3) 2 -4[X + 2(d-3)} 1 



A /(d-3) 2 -4[A + 2(cf-3)], 



2 V 4 / 4 

c = wZ+1. (51) 

In this case, the condition c — a = can be satisfied if the Lichnerowicz operator has an 
eigenvalue 

A<-4(d-2). (52) 

This result was obtained previously in [T2]. Furthermore, if A > — A(d — 2), then we conclude 
that the black hole is stable against tensor perturbations. For the scalar perturbation in six 
dimensions, we notice from (|38l) that [3g = 0, and thus the perturbation is normalizable as it 
stands. Thus, the choice of Dirichlet boundary conditions at infinity corresponds to a particular 
choice of self-adjoint extension [20]. 
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Turning now to odd dimensions, let us first consider the case of d = 5. The subtlety here 
is that c — a — b is an integer, and the analytic continuation to z = 1 contains logarithmically 
divergent terms. For the scalar perturbation, we have (3s = 1/4 and c — a — b = 0. The master 
field near z = 1 is then given by 



$ = ^ 1 -^ / fRi^ n ? l^ [2V;(n + 1) -^ (a + n) 

- ^(& + ™)-ln(l-z)](l-z) n , 

(53) 

where (a) n = T(a + n)/T(a), and ^(z) = r'(z)/r(z). In this case, $ automatically vanishes at 
infinity. However, as shown in [20], there is a one-parameter family of self-adjoint extensions 
of the corresponding operator A for pure anti-de Sitter space. In order to proceed, we must 
then make a choice of self-adjoint extension, and thus make a corresponding choice of boundary 
conditions at infinity. We shall require (1 — z)~ 1 / 4: & to vanish at infinity. This is achieved by 
choosing a = —n or b = — n. However, since, c — a — b = 0, this can be re- written as (|40|) . 
namely c — a = —n or c — b = —n. We have already seen that these conditions lead to the 
constraint fj48|) . with the conclusion that no such unstable modes exist. The above choice of 
boundary condition corresponds to what is termed generalized Dirichlet-Neumann in [20] . 

For the vector modes, we have f3y = —1/4, and c — a — b = 1. The master field is then given 

by 

$= = z a (i - z)- 1/4 F(a ) b ) a + b + l ) z) ) (54) 
where, for (m = 1, 2, 3, ...), we have 

T(a + m)Y{b + m) ^ n!(l - m) n 

T(a + b + m) ™ (a + m) n (b + m) n 

T(a)T(b) [Z ij ^0 n\(n + m)\ U Z) ^ 2j 
— ^(n + 1) — ^>(n + m + 1) + ^(a + n + m) + ip(b + n + m)]. (55) 

The conditions for the existence of unstable vector modes are then given by a + 1 = — n or 
b + 1 = —n. Note that these conditions also ensure the vanishing of the logarithmic terms in 
( 155]) . Since c — a — 6 = 1, we can equivalently write these conditions as c — a = —n or c — b = —n, 
which have already been treated in (1501) . Again, we conclude that no unstable vector modes 
exist. 

Finally, the tensor modes have (3^ = —3/4, with c — a — b = 2. The Dirichlet boundary 
condition at infinity is enforced by setting a + 2 = — n or b + 2 = — n. Since this is equivalent 
to c — a = —n or c — 6 = — n, we recover the constraint (1521) . The generalization to all odd 
dimensions follows suit, with the knowledge that (3 < for all perturbations, and c — a — b = m, 
with (m = 1,2,3,...). Thus, the criteria for the existence of unstable modes can again be 
written in the form (j40p . and the conclusions are as in the even-dimensional case. 
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We can now collect these results to establish a necessary and sufficient condition for stability 
of the massless topological black hole. As we have seen, the massless black hole is stable against 
scalar and vector perturbations in all dimensions, for an arbitrary Einstein horizon. The non- 
trivial constraint on stability arises from the tensor modes. We can state that a necessary and 
sufficient condition for stability of the black hole is given by, 

A > -4(d - 2) The Massless Black Hole is Stable. (56) 

In [12], the tensor perturbations alone were analyzed, and the condition A < — A{d — 2) was thus 
obtained as a sufficient condition for instability of the black hole. By obtaining the explicit 
solution for the scalar and vector modes, we have elevated the result of [12J to a necessary and 
sufficient condition for stability. 

If we take the horizon manifold to have constant curvature, then it is given by hyperbolic 
space H d ~ 2 , or a quotient H d ~ 2 /T, where T is a suitable discrete subgroup of the isometry 
group of hyperbolic space. For such manifolds, the spectrum of the Lichnerowicz operator is 
bounded below by A > — 2(d — 2) [12J, which satisfies the condition of fl56|) . We conclude that 
this class of massless topological black holes is stable. A second class of stable black holes is 
provided by taking the horizon to be a negative scalar curvature Einstein-Kahler manifold. In 
this case, the spectrum of the Lichnerowicz operator is bounded by A > — 2(d — 3) [121 155] , 
which again satisfies the condition (|56|) . For general Einstein horizons, we have reduced the 
stability issue to a simple bound on the Lichnerowicz spectrum. 



5 Stability of Black Holes with M < 

Explicit solutions to the perturbation equations for black holes of non-zero mass are not avail- 
able. In order to study the stability properties of such black holes, we appeal to general 
arguments based on positivity of the corresponding potentials in the perturbations equations. 
The requirement of positivity of a particular potential (scalar, vector, tensor), then provides 
a sufficient condition for stability of the black hole with respect to the corresponding scalar, 
vector, or tensor perturbation. For positive mass black holes M > in dimensions d > 4, no 
conclusion regarding stability against scalar perturbations can be made from such positivity 
arguments [15]- [T7]. However, as we have seen, there is a class of black holes with negative cur- 
vature horizon, for which the mass parameter M can take a range of negative values, namely, 
M crit < M < 0. 

We recall that the basic Schrodinger equation is of the form (fTTI) . In order to establish 
stability of the black hole, we need to prove that A can be extended to a positive definite 
self-adjoint operator. The expectation value of A is given by [H] 



($,A$) = - 



' d<$> 
dr* 



+ /(Jr .(|»|. +1 ,|,|>). (57 ) 



1 J Boundary 

Thus, if boundary conditions are imposed which render the boundary term zero, and if V > 



13 



0, then we conclude that A is positive definite. A more powerful approach is to use an S- 
deformation of the potential V in the following way [H]. One defines a derivative operator 



b = f± + S, (58) 
where S is some function of r. Then, we can write the expectation value in the form 

(*,A*) = -[*-Z5*]_ rl , + / *,(|Z>*|- (59) 
where the deformed potential is now 

V = V + f^-S 2 . (60) 
dr 

The boundary term in (l59~l) vanishes when Dirichlet boundary conditions on $ are chosen. 
Thus, if Dirichlet boundary conditions are chosen, and if V > 0, we can conclude that A is 
a positive definite operator. The asymptotic (large r) form of the negative mass black hole 
metric coincides with the metric of the massless black hole. Thus, we must indeed impose 
Dirichlet boundary conditions at infinity for all perturbations, except for certain perturbations 
in dimensions four, five, and six. In the following analysis, we shall adopt a choice of Dirichlet 
boundary conditions in these cases also. 

Let us first consider the constraints that arise by demanding positivity of the potentials V 
and V for vector modes. From f[T5"j) . we note that the potential can be written in the form 



Mr) = f 2 



4-i + (d ' 2)(rf - 4) /-(^-2)(.-ir M 



(61) 



4 j \ j\ J 2r d ~ 3 

For negative mass black holes, we clearly have a positive potential if 

ky > 1. (62) 
However, in this case, we can achieve a better bound by using the S'-deformation technique, 

with rju 

S=<^. (63) 
The deformed potential is then given by 

VV(r) = i[# + (d-3)]. (64) 
Thus, positivity of the deformed potential is guaranteed when 

k v >-(d-3). (65) 
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Since the eigenvalues of the vector Laplacian on a generic Einstein space satisfy the condition 
ky > 0, we have established that this bound is satisfied. Thus, Vy > 0. Hence, negative mass 
black holes are stable against vector perturbations for arbitrary Einstein horizons. 



Moving on to the tensor modes, we note that the potential takes the form 



V T (r) 



A + [3(d-2)-2] + ^ /+ (d-2)(d-l)^ 



(66) 



Since M < 0, the last term in the potential is negative. However, the most negative value that 
it can take is attained when 

uj d M u d M clit 2 

(67) 



r 



d— 3 ~d— 3 J 1 ' 

' crit ' ' ! 



Inserting this value into (|66|) . we find that the potential is positive if the Lichnerowicz spectrum 
satisfies the bound 

A>-2(d-3). (68) 
The ^-deformed potential is this case can be obtained by taking 



S=J±£L. (69, 



This leads to a deformed potential of the form 



Mr) = ^[A + 2(d-3)]. (70) 



Positivity of Vr then requires the same bound as in ( 1681 . 

The analysis of the scalar mode is the most lengthy. In this case, we appeal only to the 
S'-deformation of the potential, which can be achieved by choosing [15J 



/ d 



d-2 



S=^i r ^H). (71) 



After a lengthy calculation, one finds the deformed potential to be 



where 



Vs(r) = -^[2p-(d-l)(d-4)x], (72) 



H = kl+(d-2)+ ^- 2) ! : d ' 1) x. (73) 



The key point now is that we are considering negative mass black holes, and thus x = 
ujdM/r d ~ z < 0. However, once again, the most negative that x can become is given by (1671) . and 
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hence the value of H is at least k s . The eigenvalues of the scalar Laplacian on a generic Einstein 
manifold satisfy the condition kg > 0. Thus, for negative mass black holes, the deformed scalar 
potential is positive definite for generic Einstein horizons. 

Collecting these results, we can present a sufficient condition for the stability of negative 
mass black holes with respect to all perturbations, namely 

A > -2(d - 3) The M < Black Hole is Stable. (74) 

We recall that the Lichnerowicz spectrum for negative scalar curvature Einstein-Kahler mani- 
folds satisfies the bound A > — 2(d — 3). We thus conclude that all negative mass black holes 
with an horizon of this type are stable. 

Incidentally, it is also useful to consider the constraints which arise form positivity of the 
potentials in the massless case. For vector modes, the deformed potential (|64l) again leads to the 
constraint (1651) . Thus, vector modes are stable in all dimensions. For tensor modes, positivity 
of the potential ( 1661) with M = actually leads to a stronger constraint that the deformed 
potential, namely A > — 3(d — 2) + 2. For scalar modes, we take 5* = (d — 4)^, leading to a 

deformed potential Vs = -ff- Thus, scalar modes are stable in all dimensions. These results 
are consistent with the necessary and sufficient condition for stability that we derived earlier, 
based on the explicit solution of the equations. 

6 Discussion 

A complete investigation of the classical stability properties of all higher-dimensional black 
holes is an important problem. Until quite recently, the stability of the asymptotically flat 
Schwarzschild black hole in all dimensions was an open issue. However, following the analysis 
of tensor perturbations in [12], a gauge invariant formalism for all gravitational perturbations 
was established by Ishibashi and Kodama [13J. Armed with this elegant and powerful formalism, 
the Schwarzschild black hole was indeed shown to be stable in all dimensions [121 EH]- 

The purpose of the present paper has been to extend this analysis to other classes of black 
holes. We have focused, in particular, on topological black holes in anti-de Sitter space, for 
which the horizon is a negative curvature Einstein manifold. A special feature in this case is the 
presence of zero mass and negative mass black holes. For the zero mass black hole, we showed 
that the equations for scalar, vector, and tensor perturbations assumed a unified form, which 
was exactly solvable in terms of hypergeometric functions. We showed that the massless black 
hole is stable against scalar and vector perturbations in all dimensions. The only dangerous 
mode is therefore the tensor mode. However, using the exact solutions, we succeeded in deriving 
a necessary and sufficient condition for stability in all dimensions. This condition was expressed 
solely in terms of the spectrum of the Lichnerowicz operator on the horizon manifold. The 
analysis presented here thus elevated the results of [12] on tensor perturbations to a necessary 
and sufficient condition for stability. While the form of the Lichnerowicz spectrum on general 
Einstein spaces is not known, there are some examples where enough information is available to 
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establish stability. In particular, we proved that massless black holes with constant curvature 
(hyperbolic) horizons, or Einstein-Kahler horizons, are stable in all dimensions. 

For negative mass black holes, an explicit solution to the perturbation equations is not 
available. Nevertheless, using the requirement of positivity of the gravitational potentials, 
along with the S-deformation technique, a sufficient condition for stability for all negative mass 
black holes was derived. As in the massless case, we showed that these black holes are stable 
again all scalar and vector perturbations, the only dangerous mode being the tensor mode. 
Again, the sufficient condition for stability is expressed in terms of the Lichnerowicz spectrum. 
In particular, we concluded that negative mass black holes with Einstein-Kahler horizons are 
stable in all dimensions. 

In general, the choice of boundary conditions appropriate to the stability problem are de- 
termined by requiring normalizability of the perturbation. In dimensions d > 7, this leads to 
the requirement of Dirichlet boundary conditions both at the horizon and infinity, However, 
for certain perturbations in dimensions four, five, and six, there is a subtlety in the choice of 
boundary conditions at infinity. This follows from the fact that there is a one-parameter family 
of self-adjoint extensions of the perturbation operator in these cases J2U], with a corresponding 
freedom in the choice of boundary conditions. In these special cases, we considered the stability 
issue with a choice of Dirichlet boundary condition. The stability properties with respect to 
the other possible choices warrants further investigation. 



References 

J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231; |arXiv:hep-th/9711200 



S.S. Gubser, I.R. K lebanov, and A.M. Polakov, Phys. Lett. B428 (1998) 105; 
|arXiv:hep-th/9802109 



E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253; |arXiv:hep-th/9802150 
D. Birmingham, Class. Quant. Grav. 16 (1999) 1197; |arXiv:hep-th/980803~2j 

F. Zerilli, Phys. Rev. Lett. 24 (1970) 737. 
F. Zerilli, Phys. Rev. D2 (1970) 2141. 

T. Regge and J.A. Wheeler, Phys. Rev. 108 (1957) 1063. 
C.V. Vishveshwara, Phys. Rev. Dl (1970) 2870. 
R. Price, Phys. Rev. D5 (1972) 2419. 
R.M. Wald, J. Math. Phys. 20 (1979) 1056. 
F.R. Tangherlini, Nuovo Cimento 27 (1963) 636. 



17 



[12] G. Gibbons and S.A. Hartnoll, Phys. Rev. D66 (2002) 064024; |a7Xiv:hep-th /0206202 

[13] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110 (2003)701; |arXiv:hep-th/0305147 

[14] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110 (2003)901; |arXiv:hep-th/0305185 

[15] A. Ishibashi and H. Kodama, Prog. Theor. Phys. Ill (2004)29; [arXiv:hep-th/0308128 



[16] A. Ishibashi and H. Kodama, Stability of Generalised Static Black Holes in Higher Di- 
mensions, |arXiv:gr-qc/ 0312012. 

[17] H. Kodama, J. Korean Phys. Soc. 45 (2004) S68; |arXiv:hep-th/0403030[ 

[18] H.K. Kunduri, J. L ucietti, and H.S. Reall, Phys. Rev. D74 (2006) 084021; 
|arXiv:hep-th/0606076| 



[19] D. Birmingham and S. Mokhtari, Phys. Rev. D74 (2006) 084026; |arXiv:hep-th/ 0609028 
[20] A. Ishibashi and R.M. Wald, Class. Quant. Grav. 21 (2004) 2981; |arXiv:hep-th/0402T84 
[21] J.P.S. Lemos, Phys. Lett. B353 (1995) 46; |arXiv:gr-qc/9404041[ 



[22] R.B. Mann, Class. Quant. Grav. 14 (1997) L109; arXiv:gr-qc/9607071 



[23] L. Vanzo, Phys. Rev. D56 (1997) 6475; |arXiv:gr-qc/9705004. 



[24] D.R. Brill, J. Louko, and P. Peldan, Phys. Rev. D56 (1997) 3600; arXiv:gr-qc/9705012 



[25] R.B. Mann, Class. Quant. Grav. 14 (1997) 2927; arXiv:gr-qc/9705007 



[26] R.B. Mann, Topological Black Holes - Outside Looking In, in Internal Structure of Black 
Holes and Spacetime Singularities, ed. L. Burko and A. Ori (Haifa: Technion University 
Press); |arXiv:gr-qc/9709039| 



[27] R. Emparan, JHEP 9906 (1999) 036; larXiv:hep-th/9906040| 



[28] V. Cardoso and J.P.S. Lemos, Phys. Rev. D64 (2001) 084017; arXiv:gr-qc/0105103 



[29] V. Cardoso and J.P.S. Lemos, Class. Quant. Grav. 18 (2001) 5257; |arXiv:gr-qc/ 0107098 
[30] J.S.F. Chan and R.B. Mann, Phys. Rev. D59 (1999) 064025. 

[31] B. Wang, E. Abd alla, and R.B. Mann, Phys. Rev. D65 (2002) 084006; 
|arXiv:hep-th/0107243l 

[32] B.S. Kay and R.M. Wald, Class. Quant. Grav. 4 (1987) 893. 

[33] R. Aros, C. Martinez, R. Troncoso, and J. Zanelli, Phys. Rev. D67 (2003) 044014; 



arXiv:hep-th/0211024 



18 



[34] M. Abramowitz and LA. Stegun, Handbook of Mathematical Functions, Dover, New York, 
1970. 

[35] D.H. Friedan, Ann. Phys. (N.Y.) 163 (1985) 318. 



19 



